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I. INTRODUCTION 



Form factors are very important physical quantities in understanding the internal struc- 
ture of hadrons. In this paper, we study two types of form factors: charge and transition 
form factors for some light mesons. The former is occurred in the elastic electron meson scat- 
tering, in which one off-shell photon exchanges between the electron and one of the quarks 
in the meson. The latter, on the other hand, comes from the reactions where the meson is 
produced by one on-shell and one off-shell photons. It is well known that these form factors 
must be treated with the non-perturbative calculations. There are many different approaches 
to do that, such as lattice calculations |]J, vector meson dominance (VMD) perturba- 
tive QCD (pQCD) QCD sum rules |@-|10||, nonlocal quark-pion dynamics |I],[12|, and 

light-front quark model (LFQM) |TB|-|g. 

LFQM is the only relativistic quark model in which a consistent and fully relativistic 
treatment of quark spins and the center-of-mass motion can be carried out. Thus it has 
been applied in the past to calculate various form factors fl3|-|T8||. This model has many 
advantages. For example, the light-front wave function is manifestly boost invariant as it is 
expressed in terms of the momentum fraction variables (in "+" components) in analog to 
the parton distributions in the infinite momentum frame. Moreover, hadron spin can also be 
relativistically constructed by using the so-called Melosh rotation. The kinematic subgroup 
of the light-front formalism has the maximum number of interaction-free generators including 
the boost operator which describes the center-of-mass motion of the bound state (for a review 
of the light-front dynamics and light-front QCD, see |1|). For charge and transition form 
factors, we concentrate on the space-like region q 2 < (q is the momentum transfer). In 
this region, the so-called Z graph vanishes and only the valence-quark contributes. We 
take a consistent treatment with the decay constant and the charge and transition form 
factors in LFQM. Whatever large or small momentum transfer, it must be emphasized that 
these derivations are applied to all the space-like region. On the other hand, there are some 



experimental data whcih are concerning about the charge |20],^T| and transition [22] form 
factors for some light mesons. They will offer some tests of this approach. 

The paper is organized as follows. In Sec. II, the basic theoretical formalism is given and 
the decay constant and the charge and transition form factors are derived for pseudoscalar 
meson. In Sec. Ill, some asymptotic behaviors and the numerical results for some light 
mesons are present and discussed. Finally, a summary is given in Sec. IV. 



II. FRAMEWORK 

We will describe in this section the light-front approach for the calculation of the charge 
and transition form factors for off-shell photons and light mesons. The hadronic matrix 
elements is evaluated at space-like momentum transfer, namely the region q 2 < 0. 

A meson bound state consisting of a quark qi and an antiquark q 2 with total momentum 
P and spin S can be written as 

\M(P,S,S Z )) = J {d 3 Pl }{d 3 p 2 } 2(2nf5 3 (P-p 1 -p 2 ) 
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x £ ^(p 1 ,p 2 ,X 1 ,X 2 ) |gi(pi,Ai)g 2 (p 2 ,A 2 )), (2.1) 

Ai,A2 



where pi and p 2 are the on-mass-shell light-front momenta, 



P = (p ,P±) , P± = {P ,P) , P~ = + — , (2.2 

and 

1 Pl " 2(2tt)3 ' 

\q( Pl , \t)q( P 2,\2)) = &l>i)4»|0>, (2.3) 
{b X r(p'),b{(p)} = {d x ,(p'),4(p)} = 2(2tt) 3 5\p'-p) S yx . 

In terms of the light-front relative momentum variables (x, k±) defined by 

p+ = (1 - a;)P + , p+ = xP+, 

Pi± = (1 - x)P± + k ± , p 2 ± = xP ± - k±, (2.4) 
the momentum-space wave-function ty SSz can be expressed as 

* 8S >(p u P2, Ai, A 2 ) = R s x X(x,kx) <f>(x,k ± ), (2-5) 

where 0(x, fcjj describes the momentum distribution of the constituents in the bound state, 
and R\'^\ 2 constructs a state of definite spin (S, S z ) out of light-front helicity (Ai, A 2 ) eigen- 
states. Explicitly, 

R S x%(x,k ± ) = E(^il^L( 1 -^^ 5 m i)l s i)(^|^ / (x,-A; ± ,m 2 )| S2 )(i Sl i S2 |^), (2.6) 
where \si) are the usual Pauli spinors, and TZm is the Melosh transformation operator: 



mi + xM + ia-k ± xn 
K M {x, k±, mi) = (2.7) 

(mi + xM ) 2 + fc^ 



with n = (0, 0, 1), a unit vector in the z-direction, and 



Ml = m } + % + mi + fei . (2i 
(1 — x) x 



In practice it is more convenient to use the covariant form for R Xl L [HI 



RfX(x, k x ) = u ^ A r <P2, A 2 ), (2.9) 



where 
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M = ^M 2 - (mi - m 2 )2, 

r = 75 (pseudoscalar, S = 0). (2-10) 
We normalize the meson state as 

(M(P',S',S' Z )\M(P,S,S Z )) =2(2n) 3 P + 5 3 (P'-P)5 s ,s5s> z s z , (2.11) 

so that 

|gfW-.M| ! = l. (2.12) 

In principle, the momentum distribution amplitude <p(x, can be obtained by solving the 
light-front QCD bound state equation K5^3 , However, before such first-principle solutions 
are available, we would have to be contented with phenomenological amplitudes. One ex- 
ample that has been often used in the literature for heavy mesons is the Gaussian-type wave 
function, 



^ ±)o= ^exp(-A_j, ( 2 ,3) 

where M = 4(7r/u; 2 ) 3//4 and k z is of the internal momentum k = (k±, k z ), defined through 

l-x = 6 -^, x= 6 -^, (2.14) 
ei + e 2 e\ + e 2 



with ei = \/mf + k 2 . We then have 



X M ml + k 2 

M = e 1+ e 2 , ^-JL—^A, (2.15) 



and 

dk z e x e 2 



dx x(l — x)M 



(2.16) 



which is the Jacobian of transformation from (x, k±) to k. This wave function has been also 
used in many other studies of hadronic transitions. A variant of the Gaussian-type wave 
function is 



kx , k±)o=M ^ P [-§), (2,7) 

with Mq being given by (|2.S| ). This wave function is equivalent to <p(x, fcj_)c when the 
constituent quark masses are equal; otherwise, the results will be different. In this paper, we 
will assume that the u and d quarks in pion have the same masses. There is another wave 
function WA 



( M 2 \ 

(x,k ± ) M = Af'exp -—I , (2.18) 



■iu 2 



which will be also used in the numerical calculations. 
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A. Decay Constants 

The decay constant of a pseudoscalar meson P(qiq 2 ) is defined by 

(0\A»\P(P)) = iV2f P P», (2.19) 

where N 1 is the axial vector current. It can be evaluated by using the light-front wave 
function given by (2.1) and (2.5) 

(0|g 2 7 + 75gi|P) = / {d 3 Pl }{d 3 p 2 }2(2n) 3 5(P - p\ - p~ 2 )M^ k ± )B% Xa {x, k ± ) 

X (0|g 2 7 + 75<?i|M 2 >. (2.20) 



Since M ^x(l — x) = ^ A 2 + kj_, it is straightforward to show that 

dxd 2 k\ , . , . A 



r- r dx d K\ f . J\ , 



where 

A = m 1 x + m 2 (l -x). (2.22) 
Note that the factor \f?> in ( 2.21 ) arises from the color factor implicitly in the meson wave 



function. We illustrate this process in Fig.l (a). When the decay constant is known, it can 
be used to constrain the parameters of the light-front wave function. 

B. Charge Form Factors 

The charge form factor of a pseudoscalar meson P is determined by the scattering of one 
virtual photon and one meson. We illustrate this process in Fig.l (b). This form factor can 
be defined by the matrix element 

{P{P')\J»\P{P)) = F P {Q 2 )(P + P'Y (2.23) 

where J M is the vector current and Q 2 = —q 2 = —(P — P') 2 . As discussed in the above 
subsection, we readily obtain 

(P(P')\qYq\P(P)} = £ J{d 3 Pl }{d 3 p 2 }2(27r) 3 5(p- Pl -p 2 ) 

^^(MJi^iit,, (2.24) 
where k' ± = kj_ + xq±. After comparing ( |2.23|) with ( |2.24| ), we can get 



Thus, if we can determine the parameters in the wave function, we will have the charge form 
factor F P (Q 2 ) in terms of (|2~25|) . 



5 



C. Transition Form Factors 



There are two types of the transition form factors: F n ^ and F^*. The form factor Fp 7 , in 
which the meson is produced by one on-shell and one off-shell photon (77* — >• P) , is defined 
by the P77* vertex H 



r„ = -ie 2 F P ^Q 2 )e^ pcT P»q p 6°, 



(2.26) 



where q is the momentum of the off-shell photon, q 2 = —q]_ = —Q 2 , and e is the polarization 
vector of the on-shell photon. We illustrate this process in Fig.l (c) and write down the 
amplitude in the light-front framework Q| 



r M= E e q e^e 2 J{d 3 Pl }{d 3 p 2 }2(27r) 3 5(P-p 1 -p 2 )M^k ± ) 



Ai,A2,A 



X 



'4 - ml + {k± + + q±)2 - ^±^) ~\(p 2 , A 2 ) Mp'i, A)«(pi, A) 7m «(Pi, Xi) 

p+ pj pi 1 



'1^2) 



dOO 



(2.27) 



where e q and e q > are the electric charge of q and q' quarks, respectively. It is straightforward 
to show that 



j? frfi\ fdxd 2 k L 



(f> P (x, kj 



A 



A 2 + k 2 



;i - x) ( q\ - W ' +( ^ g±)2 - ^ J x\<& ^— - 



+ 



2 m\+k\ ml+(k ± -qj_) 2 



(2.28) 



The form factor Fp 7 * arising from the Pj*'-/* vertex, where 7*7* represents two off-shell 
photons is defined by ]25 



IV = -ie'Fp^CTiqy^QrP 



(2.29) 



where Q = ^(q' — q), V = q' + q, and Q = — 5 = g^. This process is illustrated in Fig.l 
(d). We expect that this amplitude is similar to the one off-shell photon case and we have 

rV = e <? e ?' e2 / {d 3 Pi}{d 3 p 2 }2(2it) 3 5(p -px- p 2 )(pp(x, k±) 

1 

vfa, X 2 )j v u(p' 1 , X)u(p[, A)7 M «(pi, Ai) 



Ai,A2,A 



'q\-q'l ml + (k ± + q ± ) 2 m 2 , + k 2 ± ^ ' 



+ (!<-> 2) 



Pi 



I? 



00 

AiA 2 - 



(2.30) 



From ( |2.29| ) and (|2.30|) , we arrive at 
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F P AQ\Q 12 ) = -*7=w / \%i^^ k 



A 



y/2 q9 J 2(2vr) 



A 2 + k 2 : 



x 



L(l_ x ) (ql - q f 



V 2 _ m 2 +(k ± +q ± ) 2 _ ml+k 2 A 
1—x x 



, „2 „/2 m 2 +(k ± - qi _) 2 



(2.31) 



III. NUMERICAL RESULTS AND DISCUSSIONS 

We now compare our results of the form factors with the experimental data. Before doing 
that, we must determine the parameters mi, rri2, and to in the wave function <pp(x,k±). Of 
course, we assume that this wave function is process- independent. 

In the 7r — 7 case, the constituent masses of the u and d quarks are the same, i.e., 
m i — m 2 = m q- We can use the experimental value of decay constant f n = 92.4 MeV [26 



to determine the parameters m q and uj n by fl2.21| ). However, there are two parameters with 
only one experimental value. Therefore, principally, we can get infinite combinations which 
all satisfy the decay constant value. If we can find another constraint, these parameters wull 
be deterimined uniquely. From the transition form factor F nl , we have another constraint. 
In ( |2.28| ), if we consider the limit Q 2 —>■ oo, there is a simple form 



oo 



V3 (e 2 u -e 2 d ) r dxd 2 k 
W2 V2 ' 2(2tt)= 



(x,k\ 



A 



From [Q, we have 



A 2 + k 2 , \x(l-x)Q 2 



(3.1) 



Comparing (|3~T|) with ( p.2|) , we obtain 

f dx d 2 k± 07r(x, k±) 



A 



2(2tt)3 x (1-x) .n^Ttf 



(3.2) 



(3.3) 



From ( p.21|) and (|3.3|) , we can uniquely determine all the parameters in the wave function by 
using only one experimental value /„.. Here we show the parameters of two wave functions 
(pa and (pM fitted to the decay constants given by (|2.21| ) and ( |3.3| ) (^c? = (fie i n pi° n case) as 



Pg 
hi 



m. 



0.243 GeV, 
0.198 GeV, 



^7, 



0.328 GeV; 
0.513 GeV. 



(3.4) 
(3.5) 



We use the Gaussian-type wave function to calculate the form factors because the value 
m q of the wave function (pM seems to be too small. Moeover, we can evaluate F V {Q 2 ) and 
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F 7r7 (Q 2 ) in all momentum transfer region by using fl2.25|) , ( [2.28] ). Because both parameters 
which we needed have been fixed, we have no degree of freedom to adjust this wave function. 
Thus, whether these preditions are consistent with the experiments or not are very strict 
tests for the Gaussian-type model. From Fig. 2 and Fig. 3, we find that these predictions are 
in good agreement with the experimental data |20|-f2~2]j . 

For F^* (Q 2 , Q' 2 ) , since there are no experimental data yet, we must proceed carefully. 
If we take both limits of Q 2 , Q' 2 — ► oo, ( |2.31D becomes 



Q 2 ,Q' 2 ^oo 



dx d 2 k± 
( 1 

x 



<f> n (x, k A 



A 



+ 



A 2 + k\ 
1 



xQ 2 + (1 - x)Q' 2 xQ' 2 + (1 - x)Q 2 1 ' 



(3.6) 



Noting that, the wave function <p^(x, k±) is symmetric in x and 1 — x, we get the asymptoyic 
behavior of the transition form factor as 



I2\ 



,Q' 2 ^oo 



dx d 2 k_i 
~2(2^ 



4> n (x,k 



A 



± 



A 2 + k 2 \xQ 2 + (l-x)Q 



12 



(3.7) 



which is consistent with the assumption in ||. Thus we have the confidence to make the 
prediction about the values of F nl *(Q 2 , Q' 2 ) in terms of ( |2.31| ). 



We also consider the 77 — 77' system. Due to the mixing in this system, 77 and 77' both have 
r)s and t]q components. These two states 

1 



\rfs) = —=\uu + dd — 2ss) 
V6 



and 



1 770) = —j=\uu + dd + ss) 

are the SU(3) octet and singlet, respectively. The decay constants of octet and singlet, fp 
are defined as 



<0|J2b|P(p)> = V2if a P p M , 



1; P = V,v') 



(3i 



where J^ 5 denotes axial- vector current. Recent investigations |27|— P9[ have shown that the 
decay constants of the 77 — 77' system are not adequately described by only one mixing angle. 
A two- mixing- angle parametrization is given by p9|,|30| 



(3.9) 



= f 8 cos 6> 8 , /° = -fo sin O , 
fff = h sin °8 , = fo cos 6» , 

where #8 7^ #o- From the phenomeno logical analysis |TT], we get the values 



/ 8 ~ 1.26./V, 8 ~-21.2°, 
fo ~ 1.17U, 9 ~ -9.2°. 



(3.10) 
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Using the values of f$ and fo, we can deterimine the parameters by (|2.21 



) and (p|) 



m 8 = 0.306 GeV oo m 
m = 0.285 GeV u m 



0.414 GeV, 
0.384 GeV, 



(3.11) 



where ms and mo are the parameters of quark masses in r/g and 770, respectively. With these 
parameters in fl3.11| ) and the values of mixing angles in fl3.10| ), we could calculate F V1 and 
F r? / 7 and the results are ploted in Fig. 4. 



IV. SUMMARY 

The charge and transition form factors of tc have been studied in the present paper. In 
the light-front relativistic quark model, these form factors have been evaluated in a frame 
where q + = and q 2 < and there is no need to calculate the contribution from the so-called 
Z graph |18| . 



We have only used one experimental value, the pion decay constant, to fix the two 
parameters in the pion wave function. This point is in contrast to pQCD which treats the 
decay constant as one part of the wave function. Thus, we would emphasize that the wave 
function contains no more degree of freedoms to adjust. When the parameters are fixed, 
we evaluate the charge as well as one and two virtual photon transition form factors in 
—8 GeV 2 < q 2 < 0. Our calculations are based on the important assumption that: the 
wave functions are independent of processes. We compare the results of calculation with 
the experimental data and find that this assumption is valid for —8 GeV 2 < q 2 < region. 
Basing on these consistency of F n and F nl , we have the confidence to make the prediction 
of the F^*. The decay constants f V8 , f vo , and the mixing angles 9 8 , have been obtained 
by using the phenomenological analysis. With the same approach, we have gotten F ni and 
Frfj which agree well with the experimental data. 
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FIGURE CAPTIONS 



Fig. 1 The diagram of (a) one pseudoscalar meson decay to vacuum, (b) the scattering of 
one virtual photon and one meson, (c) a meson is produced by one on-shell and one off-shell 
photons, and (d) a meson is produced by two off-shell photons. 

Fig. 2 The charge form factor of pion in small and large momentum transfer. Data are 
taken from pO) and respectively. 



Fig. 3 The one off-shell photon transition form factor of pion. The solid line represents 
the results obtained with this approach. The dotted line represents the limiting behavior 
2f n (0.185 GeV). Data are taken from [0. 

Fig. 4 The one off-shell photon transition form factor of r] and r/. The dotted line represents 
the limiting behavior 0.182 GeV and 0.300 GeV, respectively. Data are both taken from ||22|. 
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